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STABLE SPLITTINGS, SPACES OF REPRESENTATIONS AND ALMOST
COMMUTING ELEMENTS IN LIE GROUPS
ALEJANDRO ADEM∗, FREDERICK R. COHEN∗∗, AND JOSE´ MANUEL GO´MEZ
Abstract. In this paper the space of almost commuting elements in a Lie group is studied
through a homotopical point of view. In particular a stable splitting after one suspension is
derived for these spaces and their quotients under conjugation. A complete description for the
stable factors appearing in this splitting is provided for compact connected Lie groups of rank
one.By using symmetric products, the colimits Rep(Zn, SU), Rep(Zn, U) and Rep(Zn, Sp) are
explicitly described as finite products of Eilenberg-MacLane spaces.
1. Introduction
Let G denote a Lie group, for each integer n ≥ 1, the set Hom(Zn, G) can be topolo-
gized in a natural way as a subspace of Gn and corresponds to the space of ordered com-
muting n-tuples in G. The group G acts by conjugation on Hom(Zn, G) and the orbit space
Rep(Zn, G) := Hom(Zn, G)/G can be identified with the moduli space of isomorphism classes of
flat connections on principal G-bundles over the torus (S1)n. Now if H = G/K, where K ⊂ G
is a closed subgroup contained in the center of G, then a commuting n-tuple (x1, ..., xn) of ele-
ments in H , lifts to a sequence (x˜1, ..., x˜n) of elements in G which do not necessarily commute;
instead they form a K–almost commuting sequence in G in the sense that [x˜i, x˜j ] ∈ K for all i
and j.
Denote the space of all K-almost commuting n-tuples in G by Bn(G,K); note that it fits
into a principal Kn–bundle Bn(G,K)→ Hom(Zn, G/K). The group G acts by conjugation on
Bn(G,K) with orbit space denoted by B¯n(G,K) = Bn(G,K)/G. From the standard classifica-
tion theorems (see [17, Theorem 6.19]), it is known that if G is a compact, connected Lie group,
then G = G˜/K, where K is a finite subgroup in the center of G˜ and G˜ = (S1)r ×G1× · · ·×Gs
where the G1, . . . , Gs are simply connected simple Lie groups. Thus the K–almost commuting
elements clearly play a key role in the analysis of spaces of commuting elements for compact
Lie groups. This approach was applied in [11] for the more geometrically accessible situation of
commuting triples. This paper is concerned with the study of the spaces of the form Bn(G,K)
and their orbit spaces B¯n(G,K) from a homotopical point of view for all values of n ≥ 1. In
particular a basic goal is to compute the number of path-connected components and determine
their stable homotopy types.
A basic ingredient is the existence of a natural simplicial structure on B∗(G,K) which pro-
vides a filtration for each Bn(G,K) given by the degeneracy maps
{(1G, ..., 1G)} = S
n
n(G,K) ⊂ S
n−1
n (G,K) ⊂ · · · ⊂ S
0
n(G,K) = Bn(G,K),
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where Srn(G,K) is the subspace of Bn(G,K) of sequences (x1, ..., xn) where at least r of the
xi equal 1G. It turns out that when G is compact the pair (S
r
n(G,K), S
r+1
n (G,K)) is a G–
equivariant NDR pair for 0 ≤ r ≤ n. This technical condition implies (see [2], [3]) that the
previous filtration splits after one suspension and thus the following theorem is obtained
Theorem 1.1. Suppose that G is a compact Lie group and K ⊂ Z(G) is a closed subgroup.
For all n ≥ 0 there is a natural G-equivariant homotopy equivalence
Σ(Bn(G,K)) ≃
∨
1≤r≤n
Σ

(
n
r)∨
Br(G,K)/S
1
r (G,K)

 .
In particular, there is a natural homotopy equivalence
Σ(B¯n(G,K)) ≃
∨
1≤r≤n
Σ

(
n
r)∨
B¯r(G,K)/S¯
1
r (G,K)

 .
A particularly important case of Theorem 1.1 occurs when K = {1G}. In this case, the
theorem agrees with [3, Theorem 1.6] for compact Lie groups with the important additional
property that the splitting map is a G-equivariant homotopy equivalence. This defines a natural
homotopy equivalence between the quotient spaces modulo conjugation, thus yielding a new
decomposition at the level of spaces of representations:
Theorem 1.2. For G a compact Lie group, there is a homotopy equivalence
ΣRep(Zn, G) ≃
∨
1≤r≤n
Σ

(
n
r)∨
Rep(Zn, G)/S¯1r (G)

 .
When Rep(Zn, G) is path-connected for all n ≥ 1 then the following theorem completely
describes this decomposition:
Theorem 1.3. Let G be a compact, connected Lie group such that Rep(Zn, G) is connected for
every n ≥ 1. Let T be a maximal torus of G and W the Weyl group associated to T . Then
Rep(Zn, G) ∼= T n/W
with W acting diagonally on T n. Moreover there is a homotopy equivalence
ΣRep(Zn, G) ≃
∨
1≤r≤n
Σ(
(nr)∨
T∧r/W ),
where T∧r is the r-fold smash product of T and W acts diagonally on T∧r.
The previous theorem applies in particular to the cases G = U(m), Sp(m) and SU(m). It
turns out that for such G the representation spaces Rep(Zn, G) can be identified in terms of
symmetric products.
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Proposition 1.4. There are homeomorphisms
Rep(Zn, U(m)) ∼= SPm((S1)n),
Rep(Zn, Sp(m)) ∼= SPm((S1)n/Z/2),
where Z/2 acts diagonally by complex conjugation on each factor. Moreover for each m,n ≥ 1
the determinant map defines a locally trivial bundle
Rep(Zn, SU(m))→ Rep(Zn, U(m))→ (S1)n.
This identification provides a number of interesting consequences, for example
Corollary 1.5. For every m ≥ 1 there are homeomorphisms
Rep(Z2, Sp(m)) ∼= CPm,
Rep(Z2, SU(m)) ∼= CPm−1.
Another consequence of Proposition 1.4 is the determination of the homotopy type of the
inductive limits of the spaces of commuting elements modulo conjugation for the (special)
unitary groups and the symplectic groups. Note that this result for the unitary groups is also
proved in the recent preprint [22].
Theorem 1.6. For every n ≥ 1 there are homotopy equivalences
Rep(Zn, SU) ≃
∏
2≤i≤n
K(Z(
n
i), i),
Rep(Zn, U) ≃
∏
1≤i≤n
K(Z(
n
i), i),
Rep(Zn, Sp) ≃
∏
1≤i≤⌊n/2⌋
K(Z(
n
2i) ⊕ (Z/2)r(2i), 2i),
where r(i) is an integer given by
r(i) =
{ (
n
0
)
+
(
n
1
)
+ · · ·+
(
n
n−i−1
)
if 1 ≤ i ≤ n
0 if i > n.
Also, explicit computations for the stable factors that appear in Theorem 1.1 are provided for
non-abelian compact connected rank one Lie groups. If G is such a group then it is isomorphic
to SU(2) or SO(3). Let λn denote the canonical vector bundle over the projective space RP
n
and for a vector bundle µ over RP n, (RP n)µ denotes the corresponding Thom space. In these
cases the factors Bn(G,K)/S
1
n(G,K) are given as follows.
Hom(Zn, SO(3))/S1n(SO(3))
∼=
{
RP 3 if n = 1,
(RP 2)nλ2 ∨
(∨
C(n)(S
3/Q8)+
)
if n ≥ 2,
where Q8 is the quaternion group of order 8 and
C(n) =
1
2
(3n−1 − 1).
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For SU(2), there are two possibilities as Z(SU(2)) ∼= Z/2:
Hom(Zn, SU(2))/S1n(SU(2))
∼=
{
S3 if n = 1,
(RP 2)nλ2/sn(RP
2) if n ≥ 2.
Here sn is the zero section of the vector bundle nλ2. The other case is the space of almost
commuting elements in SU(2):
Bn(SU(2),Z/2)/S
1
n(SU(2),Z/2)
∼=
{
S3 if n = 1,
(
∨
K(n)RP
3
+) ∨ (RP
2)nλ2/sn(RP
2) if n ≥ 2,
where
K(n) =
7n
24
−
3n
8
+
1
12
.
Finally, using the work in [11], explicit descriptions for the stable factors modulo conjugation
B¯n(G,K)/S¯
1
n(G,K) that appear in Theorem 1.1 are given when G is a compact, connected,
simply connected, simple Lie group and for n = 1, 2 and 3.
2. The simplicial spaces Bn(q, G,K)
A family of simplicial spaces Bn(q, G,K) is defined in this section, where G is a Lie group
and K ⊂ Z(G) is a closed subgroup. These spaces form a generalization of the simplicial spaces
Bn(q, G) defined in [6] as the case K = {1G} corresponds to Bn(q, G). Some general properties
are derived.
The definition of the spaces Bn(q, G) is given first. Let Fn be the free group on n-letters.
For each q ≥ 1, let Γq denote the q-stage of the descending central series for Fn. The groups
Γq are defined inductively by setting Γ1 = Fn and Γ
q+1 = [Γq, Fn]. As in [6] define
Bn(q, G) := Hom(Fn/Γ
q, G).
The topology on Bn(q, G) is given as follows. An element in Hom(Fn/Γ
q, G) can be seen as a
homomorphism f : Fn → G such that f(Γq) = {1G} so that f descends to a homomorphism
f¯ : Fn/Γ
q → G. The map f is determined by the image of a set of generators e1, ..., en; that
is, f is determined by the n-tuple (f(e1), ..., f(en)). This gives an inclusion of Hom(Fn/Γ
q, G)
into Gn and via this inclusion Bn(q, G) is given the subspace topology. The different Bn(q, G)
form simplicial spaces and can be used to obtain a filtration
B(2, G) ⊂ B(3, G) ⊂ · · · ⊂ B(q, G) ⊂ · · ·B(∞, G) = BG,
of BG, where B(q, G) denotes the geometric realization of Bn(q, G).
Definition 2.1. Let Q be a group. A sequence of subgroups Γr(Q) is defined inductively
as follows. For r = 1, Γ1(Q) = Q and Γi+1(Q) = [Γi(Q), Q]. The different Γr(Q) form the
descending central series of Q
· · · ⊂ Γi+1(Q) ⊂ Γi(Q) ⊂ · · ·Γ2(Q) ⊂ Γ1(Q) ⊂ Q.
A discrete group Q is said to be nilpotent if Γm+1(Q) = {1} for some m and the least such m
is called the nilpotency class of Q. Suppose that f¯ : Fn/Γ
q → G is a homomorphism induced
by f : Fn → G. If Q = Imf , then f(Γq) = Γq(Q) = {1G}; that is, Q is nilpotent of nilpotency
STABLE SPLITTINGS, SPACES OF REPRESENTATIONS AND ALMOST COMMUTING ELEMENTS 5
class less than q. Note that if q ≥ 2 and if G is a topological group of nilpotency less class than
q, then B(q, G) = BG.
Suppose now that H is a Lie group of the form G/K, for a closed subgroup K ⊂ Z(G); that
is, suppose that H fits into a central extension of Lie groups
1→ K → G→ H → 1.
Take f¯ : Fn/Γ
q → H an element in Bn(q,H) induced by a homomorphism f : Fn → H . Then f
is determined by the n-tuple (x1, ..., xn) = (f(e1), ..., f(en)) of elements in H . Since K ⊂ Z(G)
is a closed subgroup, the natural map p : G→ G/K is both a homomorphism and a principal
K-bundle. For each 1 ≤ i ≤ n, take x˜i a lifting of xi in G. The elements x˜1, ..., x˜n define a map
g : Fn → G. Note however that this map does not necessarily descend to a map Fn/Γq → G.
Instead, p(g(Γq)) = f(Γq) = {1} ∈ G/K and it follows that g(Γq) ⊂ K. This motivates the
following definition.
Definition 2.2. Let G be a Lie group, K ⊂ Z(G) a closed subgroup and n, q ≥ 1. Define
Bn(q, G,K) = {f : Fn → G | f is a homomorphism and f(Γ
q) ⊂ K}.
As in the case of Bn(q, G), the set Bn(q, G,K) is topologized as a subspace of G
n. Note that
if K = {1G} is the trivial subgroup, then Bn(q, G) = Bn(q, G, {1G}) and when q = 2, the space
Bn(2, G,K) consists of the n-tuples (x1, ..., xn) in G such that [xi, xj ] ∈ K for all i and j.
Lemma 2.3. Suppose that G is a Lie group, K ⊂ Z(G) a closed subgroup and q ≥ 1. Then
the restriction of the natural map pn : Gn → (G/K)n to Bn(q, G,K) defines a G-equivariant
Hom(Fn/Γ
q, K) ∼= Kn-principal bundle
φn : Bn(q, G,K)→ Bn(q, G/K).
Proof: The natural map p : G → G/K is a principal K-bundle and since K is central, the
conjugation action of G induces an action of G on G/K such that p is G-equivariant. It follows
that pn : Gn → (G/K)n is a G-equivariant principal Kn-bundle. By restriction, the map
φn = (p
n)|(pn)−1(Bn(q,G/K)) : (p
n)−1(Bn(q, G,K))→ Bn(q, G/K)
is also a principal Kn-bundle. Thus it is only necessary to show that
(pn)−1(Bn(q, G/K)) = Bn(q, G,K).
From the definition it is clear that Bn(q, G,K) ⊂ (pn)−1(Bn(q, G/K)). On the other hand,
take (x1, ..., xn) ∈ Gn such that (p(x1), ..., p(xn)) ∈ Bn(q, G). This is equivalent to saying that
the subgroup Q¯ ⊂ G/K generated by p(x1), ..., p(xn) has nilpotency class less than q. If Q if
the subgroup of G generated by x1, ..., xn, then p(Γ
qQ) = Γq(p(Q)) = Γq(Q¯) = {1G}. It follows
that ΓqQ ⊂ K and thus (x1, ..., xn) ∈ Bn(q, G,K). 
Remark. In [15, Lemma 2.2], Goldman showed that if π is a finitely generated group and
p : G′ → G is a local isomorphism, then composition with p defines a continuous map
p∗ : Hom(π,G
′)→ Hom(π,G),
such that the image of p∗ is a union of connected components of Hom(π,G) and if Q is a
connected component in the image of p∗, then the restriction
(p∗)|p−1∗ (Q) : p
−1
∗ (Q)→ Q
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is a covering space with covering group Hom(π,K), where K = Ker(p). In particular, this
applies for π = Fn/Γq. This shows that in this case p defines a continuous map
p∗ : Bn(q, G
′)→ Bn(q, G),
such that the image of p∗ is a union of connected components of Bn(q, G). However, the
map p∗ is not surjective in general. For example, if G
′ = SU(2) and G = G′/K, where
K = Z(G) = {±1}, then G′/K = SU(2)/{±1} ∼= SO(3), B2(2, SU(2)) = Hom(Z2, SU(2)) is
path-connected but B2(2, SO(3)) = Hom(Z
2, SO(3)) has two path-connected components. The
lack of surjectivity of p∗ is precisely what motivates the study of the spaces Bn(q, G,K).
Take now G a Lie group and K ⊂ Z(G) a closed subgroup. For each q ≥ 2 the collection
B∗(q, G,K) can be seen as a simplicial space. Indeed, recall that for any Lie group G there is
an associated simplicial space B∗G, where BnG = G
n,
sj(g1, ..., gn) = (g1, ..., gj, 1G, gj+1, ..., gn),
and
∂i(g1, ...gn) =


(g2, ..., gn) if i = 0,
(g1, ..., gigi+1, ..., gn) if 0 < i < n,
(g1, ..., , gn−1) if i = n.
The restriction of the maps sj and ∂i keep the different Bn(q, G,K) invariant as the maps sj and
∂i are induced by homomorphisms between free groups and if f : A → B is a homomorphism
of groups, then f(Γq(A)) ⊂ Γq(B). Note that the conjugation action of G on each Bn(q, G,K)
makes B∗(q, G,K) into a G–simplicial space. Moreover, the different maps
φn : Bn(q, G,K)→ Bn(q, G/K)
define a G-equivariant simplicial map.
The spaces of the form Bn(2, G,K) are the subject of study of this article and from now
on only the case q = 2 will be considered. The abbreviated notation Bn(G,K) from the
introduction will be used from now on.
3. Almost commuting elements in Lie groups
In this section, following the approach in [11], a decomposition for the spaces Bn(G,K) is
given by keeping track of the different commutators. This decomposition gives a good way of
detecting connected components for the space Hom(Zn, G/K).
Suppose that G is a Lie group and that K ⊂ Z(G) is a closed subgroup. By definition
Bn(G,K) is the space of homomorphisms f : Fn → G such that f(Γ2) ⊂ K. Since Γ2 =
[Fn, Fn] it follows that under the identification of Bn(G,K) as a subspace of G
n, an n-tuple
x := (x1, ..., xn) ∈ Gn belongs to Bn(G,K) if and only if dij := [xi, xj ] ∈ K; that is, the elements
xi and xj commute up to elements in K. Such a sequence is called an almost commuting
sequence.
Definition 3.1. Suppose G is a Lie group and K ⊂ Z(K) is a subgroup. A sequence
(x1, ..., xn) ∈ G is said to be K-almost commuting if [xi, xj] ∈ K for all i and j.
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According to the previous discussion, Bn(G,K) is precisely the space ofK-almost commuting
n-tuples in G. Take x = (x1, ..., xn) ∈ Bn(G,K), therefore dij = [xi, xj ] ∈ K. The elements
dij are such that dii = 1 and dij = d
−1
ji , this means that the matrix D = (dij), which is called
the type of x, is an antisymmetric matrix with entries in K ⊂ Z(G). Clearly the entries
dij = dij(x) are continuous functions of x with values in K. A decomposition of the space
Bn(G,K) is obtained by keeping track of the different commutators dij. More precisely, let
π0 : K → π0(K) be the map that identifies the connected components of elements in K and
define T (n, π0(K)) to be the set of all n × n antisymmetric matrices C = (cij) with entries in
π0(K). Given C ∈ T (n, π0(K)) define
ACG(C) = {(x1, ..., xn) ∈ G
n | π0([xi, xj ]) = cij};
that is, ACG(C) is the set of almost commuting sequences in G of type D with π0(D) = C. Each
ACG(C) is a subspace of Bn(G,K) that is both open and closed because [∗, ∗] is a continuous
function and π0(K) is discrete. It follows that each ACG(C) is a union of connected components
of Bn(G,K). In addition, the conjugation action of G on G
n, restricts to an action of G on
each ACG(C). Indeed, if [xi, xj] = dij ∈ Z(G), then [gxig
−1, gxjg
−1] = gdijg
−1 = dij . Following
[11] the orbit space of ACG(C) under this action is denoted by
MG(C) := ACG(C)/G.
Note that (Z(G))n acts on each Bn(G,K) by left componentwise multiplication. Also, when
K = {1G} the space Bn(G, {1G}) is precisely Hom(Zn, G). The orbit space under the action of
G is denoted by
B¯n(G,K) := Bn(G,K)/G
and when K = {1G}
Rep(Zn, G) := Hom(Zn, G)/G.
By definition, the different ACG(C) give a decomposition of Bn(G,K) into subspaces that are
both open and closed as follows:
(1) Bn(G,K) =
⊔
C∈T (n,πo(K))
ACG(C).
The natural map p : G → G/K is an open map and the restriction of pn to Bn(G,K) is a
principal Kn-bundle φn : Bn(G,K)→ Hom(Z
n, G/K) by Lemma 2.3 and is also an open map.
This shows that if C ∈ T (n, π0(K)), then
Hom(Zn, G/K)C := p
n(ACG(C))
is an open subset of Hom(Zn, G/K) and (1) induces a decomposition
(2) Hom(Zn, G/K) =
⊔
C∈T (n,π0(K))
Hom(Zn, G/K)C .
The complement of each Hom(Zn, G/K)C is open since it is a union of spaces of the form
Hom(Zn, G/K)C′, therefore each Hom(Z
n, G/K)C is both open and closed in Hom(Z
n, G/K)
hence a union of connected components. Moreover, for each element C ∈ T (n, πo(K)) the
natural map
ACG(C)→ Hom(Z
n, G/K)C
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is a principal Kn-bundle by Lemma 2.3. The decomposition (2) gives a good way of detecting
connected path components of the spaces of the type Hom(Zn, G/K). Let N (G,K) be the
number of different C ∈ T (n, π0(K)) for which ACG(C) is nonempty. Then the following is an
immediate corollary.
Corollary 3.2. Suppose that G is a Lie group and K ⊂ Z(G) is a closed subgroup. Then
Hom(Zn, G/K) has at least N (G,K) connected components.
Example 3.3. SO(m) fits into a central extension of Lie groups
1→ Z/2
i
→ Spin(m)
p
→ SO(m)→ 1.
Composition with p gives an exact sequence of pointed sets
1→ Hom(Zn,Z/2)→ Hom(Zn, Spin(m))
p∗
→ Hom(Zn, SO(m)).
In this case p∗ is not surjective and the image of p∗ does not contain all the path-connected
components of Hom(Zn, SO(m)). As in (2) there is a decomposition
(3) Hom(Zn, SO(m)) =
⊔
C∈T (n,Z/2)
Hom(Zn, SO(m))C,
where each Hom(Zn, SO(m))C is a union of connected components of Hom(Z
n, SO(m)). Given
a homomorphism f : Zn → SO(m), it lifts compatibly to a central extension
1→ Z/2→ Γ→ Zn → 1
which maps to Spin(m). Such an extension is determined by an element in H2(Zn,Z/2) ∼=
(Z/2)(
n
2). Fixing a basis x1, . . . , xn for Z
n, the components for this cohomology class are deter-
mined by taking liftings x˜i and x˜j of xi and xj respectively and calculating their commutator.
This is how the transgression map H1(Z/2,Z/2) → H2(Zn,Z/2) associated to the extension
Γ is computed in group cohomology. The values obtained are thus the same as those used
to define the matrix C ∈ T (n,Z/2) associated to the almost commuting n–tuple x˜1, . . . , x˜n;
moreover, note that the two sets H2(Zn,Z/2) and T (n,Z/2) have the same cardinality. By
construction the 2–dimensional cohomology class associated to Γ must be the pullback of the
cohomology class which determines Spin(m); this is precisely the second Stiefel–Whitney class.
More precisely, given f : Zn → SO(m), the class w2(f) ∈ H2(Zn,Z/2) is defined as f ∗(w2);
where w2 ∈ H2(BSO(m),Z/2) is the universal Stiefel–Whitney class.
What this shows is that the decomposition of Hom(Zn, SO(m)) described above is the de-
composition determined by the second Stiefel–Whitney class; in other words f and g are in
the same C–component if and only if w2(f) = w2(g). Moreover in [4] it was proved that for
m >> 0 all the values of w2 can be attained by suitable homomorphisms, thus establishing that
Hom(Zn, SO(m)) has at least N (Spin(m),Z/2) = 2(
n
2) non–empty components. Note that the
component corresponding to the trivial cohomology class is precisely p∗(Hom(Z
n, Spin(m))),
i.e. those homomorphisms that can be lifted to Spin(m) (which happens if and only if w2 = 0).
Example 3.4. In [5] the authors use the decomposition (2) to study the spaces of the form
Hom(Zn, Gm,p), where for a prime number p and an integer m ≥ 1, Gm,p denotes a central
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product of m-copies of SU(p). There it is shown that Hom(Zn, Gm,p) has
N(n,m, p) =
p(m−1)(n−2)(pn − 1)(pn−1 − 1)
p2 − 1
+ 1
path-connected components of which N(n,m, p)− 1 are homeomorphic to
(SU(p))m/((Z/p)m−1 × Ep),
where Ep ⊂ SU(p) is the quaternion group Q8 of order eight when p = 2 and the extraspecial
p–group of order p3 and exponent p when p > 2.
4. NDR pairs and compact Lie groups
In this section it is shown that if G is a compact Lie group and K ⊂ Z(G) is a closed
subgroup, then the simplicial spaces B∗(G,K) are simplicially NDR as defined in [2].
To start the usual definitions of G-NDR pairs and strong NDR pairs are given.
Definition 4.1. Suppose that G is a topological group and take (X,A) a G-pair. The pair
(X,A) is said to be a G-NDR pair if there exists a G-equivariant continuous function
h : X × [0, 1]→ X,
with G acting trivially on [0, 1] and a G-invariant continuous map u : X → [0, 1] such that the
following conditions are satisfied.
(1) A = u−1(0),
(2) h(x, 0) = x for all x ∈ X ,
(3) h(a, t) = a for all a ∈ A and all t ∈ [0, 1], and
(4) h(x, 1) ∈ A for all x ∈ u−1([0, 1)).
Note that when G = {1} is the trivial group then the previous definition corresponds to
Steenrod’s original definition of an NDR pair as in [24]. The pair (h, u) is called a G-NDR
representation for the topological pair (X,A). The following is a straightforward lemma.
Lemma 4.2. Suppose that (X,A) is a G-NDR pair represented by (h, u). By passing to orbit
spaces, the pair (h, u) induces an NDR representation (h¯, u¯) for the pair (X/G,A/G). Also, for
any subgroup H ⊂ G, by passing to fixed points (h, u) induces an NDR representation (hH , uH)
for the pair (XH , AH).
In [19], May considered a more restricted version of NDR pairs to study simplicial spaces, in
particular to study the natural filtration of the geometric realization of a simplicial space. The
precise definition is the following.
Definition 4.3. An NDR pair (X,A) represented by the pair (h, u) is said to be a strong
NDR pair if u(h(x, t)) < 1 for all t ∈ [0, 1], whenever u(x) < 1. A G-NDR pair (X,A) is a
strong G-NDR pair if (h, u) is a G-NDR representation of (X,A) that is also a strong NDR
pair representation for (X,A).
Given an NDR pair (X,A) represented by (h, u), an integer n ≥ 0 and 1 ≤ r ≤ n, denote by
FrX
n the subspace of Xn consisting of n-tuples (x1, ..., xn) where at least r of the xj ’s are in A.
In [3], it is proved that (Xn, FrX
n) is an NDR-pair. This naturally extends to the equivariant
situation as it is shown next.
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Lemma 4.4. Suppose that (X,A) is a G-NDR pair. Then the pair (Xn, FrX
n) is a G × Σn-
equivariant NDR pair represented by (hn, ur,n), where
ur,n(x1, ..., xn) =
1
r
min
1≤i1<···<ir≤n
(u(xi1) + · · ·+ u(xir))
and
hn((x1, ..., xn), t) = (h(x1, t1), ..., h(xn, tn)),
with
ti =
{
tmini 6=n(u(xm)/u(xi)) if some u(xm) < u(xi), m 6= i,
t if all u(xm) ≥ u(xi).
Proof: By [3, Lemma 7.2] (hn, ur,n) is a Σn-NDR-pair representation for (X
n, FrX
n). Thus it
is only necessary to see that (hn, ur,n) respects the G-action, where G acts diagonally on X
n.
To see this note that FrX
n is G-invariant as A is G-invariant, also for any g ∈ G
ur,n(g · x1, ..., g · xn) =
1
r
min
1≤i1<···<ir≤n
(u(g · xi1) + · · ·+ u(g · xir))
=
1
r
min
1≤i1<···<ir≤n
(u(xi1) + · · ·+ u(xir))
as u is G-invariant. On the other hand, for any t ∈ [0, 1] and ti as above for 0 ≤ i ≤ n,
hn((g · x1, ..., g · xn), t) = (h(g · x1, t1), ..., h(g · xn, tn))
= (g · h(x1, t1), ..., g · h(xn, tn))
= g · hn((x1, ..., xn), t).
Therefore (hn, ur,n) is a G× Σn-NDR pair representation for (X
n, FrX
n). 
The case X = G and A = {1G}, where G is a Lie group is of particular interest. In this case
FrG
n ⊂ Gn is the subspace of n-tuples (x1, ..., xn) with at least r of the xi’s equal to 1G. Let
Srn(G,K) := Bn(G,K) ∩ FrG
n, thus Srn(G,K) ⊂ G
n is the subspace of K-almost commuting
n-tuples with at least r components equal to 1G. Note that G acts by conjugation on itself
and that each Srn(G,K) is invariant under this action. Denote by S¯
r
n(G,K) the orbit space
Srn(G,K)/G. For any Lie group G, the pair (G, {1G}) is an NDR pair and thus by the previous
lemma (Gn, Srn(G)) is an NDR pair. The following proposition provides a criterion that can
be used to show that each pair (Sr−1n (G,K), S
r
n(G,K)) is a strong G-NDR pair when G is a
compact Lie group.
Proposition 4.5. Let G be a Lie group and K ⊂ Z(G) a closed subgroup. Suppose (h, u) is a
representation of (G, {1G}) as a strong NDR pair with the following additional properties: for
each g ∈ G− {1G} and any 0 ≤ t < 1
(1) Z(g) = Z(h(g, t)) and
(2) {x ∈ G | [x, g] ∈ K} = {x ∈ G | [x, h(g, t)] ∈ K}.
Then for each 0 ≤ r ≤ n the representation (hn, ur,n) as above restricts to a representation of
(Sr−1n (G,K), S
r
n(G,K)) as a Σn-equivariant strong NDR pair. Moreover, if the representation
(h, u) is G-equivariant, G acting on itself by conjugation, then the pair (Sr−1n (G,K), S
r
n(G,K))
is a strong G-NDR pair.
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Proof: Suppose first that (x1, ..., xn) ∈ Bn(G,K); that is, [xi, xj ] ∈ K for all i and j. Thus if
ti and tj are as explained before for each i and j then
xi ∈ {x ∈ G | [x, xj ] ∈ K} = {x ∈ G | [x, h(xj , tj)] ∈ K},
where the last equality holds by assumption (2). Thus
[h(xj , tj), xi] = [xi, h(xj , tj)]
−1 ∈ K
and therefore
h(xj , tj) ∈ {x ∈ G | [x, xi] ∈ K} = {x ∈ G | [x, h(xi, ti)] ∈ K}.
From here it can be concluded that [h(xi, ti), h(xj , tj)] ∈ K for all i and j, hence
hn((x1, ..., xn), t) = (h(x1, t1), ..., h(xn, tn)) ∈ Bn(G,K).
Therefore hn : Bn(G,K) × [0, 1] → Bn(G,K) is well defined. Moreover each Srn(G,K) is
invariant under each hn(·, t) as if (x1, ..., xn) ∈ Srn(G,K), then at least r of the xi’s are equal to
1G. Since h(1G, t) = 1G for all t, it follows that hn((x1, ..., xn), t) has at least r components equal
to 1G. Let (h˜n, u˜r,n) be the restriction of (hn, ur,n) to S
r−1
n (G,K). Then (h˜n, u˜r,n) represents
the pair (Sr−1n (G,K), S
r
n(G,K)) as a strong NDR pair. For this to be true conditions (1)-(4) of
the definition of an NDR pair and the extra condition of a strong NDR pair need to be verified.
Indeed,
(1) Note that u˜−1r,n(0) = S
r−1
n (G,K) ∩ u
−1
r,n(0), but u
−1
r,n(0) = FrG
n and therefore u˜−1r,n(0) =
Sr−1n (G,K) ∩ FrG
n = Srn(G,K).
(2) Since hn(x, 0) = x for all x ∈ Gn, then trivially h˜n(x, 0) = x for all x ∈ Sr−1n (G,K).
(3) hn(a, t) = a for all a ∈ FrGn, since Srn(G,K) ⊂ FrG
n it follows that h˜n(a, t) = a for all
a ∈ Srn(G,K).
(4) If w ∈ u˜−1r,n([0, 1)) = u
−1
r,n([0, 1)) ∩ S
r−1
n (G,K), then w ∈ u
−1
r,n([0, 1)) = FrG
n and thus
w ∈ FrGn ∩ Sr−1n (G,K) = S
r
n(G,K) and the converse is also true. Thus, u˜
−1
r,n([0, 1)) =
Srn(G,K).
From the above (h˜n, u˜r,n) is an NDR representation of (S
r−1
n (G,K), S
r
n(G,K)). Suppose now
that (x1, ..., xn) ∈ S
r−1
n (G,K) is such that u(x1, ..., xn) < 1. By definition
ur,n(x1, ..., xn) =
1
r
min
1≤i1<···<ir≤n
(u(xi1) + · · ·+ u(xir)) .
It follows that for some r-tuple 1 ≤ j1 < · · · < jr ≤ n
1
r
(u(xj1) + · · ·+ u(xjr)) < 1.
Since 0 ≤ u(x) ≤ 1 for all x ∈ X , this happens if and only if u(xjs) < 1 for some 1 ≤ s ≤ r.
Since (h, u) is a strong NDR pair representation of (G, {1G}) then u(h(xjs, t)) < 1 for all
t ∈ [0, 1]. On the other hand, by definition
u(h((x1, ..., xn), t)) =
1
r
min
1≤i1<···<ir≤n
(u(h(xi1 , ti1)) + · · ·+ u(h(xir , tir))) .
Here t1, ..., tn are as explained before. For the r-tuple 1 ≤ j1 < · · · < jr ≤ n
1
r
(u(h(xj1, tj1)) + · · ·+ u(h(xjr , tjr))) < 1
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as u(h(xjs, tjs)) < 1. Thus in particular
u(h((x1, ..., xn), t)) < 1.
To finish, note that (Sr−1n (G,K), S
r
n(G,K)) is G-pair and if (h, u) is a G-NDR pair representa-
tion of (G, {1G}), then as noted above each hn is G-equivariant and un,r is G-invariant. This
shows that (h˜n, u˜r,n) is in this case a G-NDR representation of (S
r−1
n (G,K), S
r
n(G,K)). 
Next it is shown that if G is any compact Lie group and K ⊂ Z(G) is a closed subgroup then
such a G-equivariant NDR representation (h, u) satisfying the additional properties required in
the last proposition can always be found. Recall that given any Lie group G, if g denotes the
Lie algebra of G, then the adjoint representation gives a homomorphism
Ad : G→ Aut(g).
For each x ∈ G, Adx is the derivative of the the map
τx : G→ G
g 7→ xgx−1.
The Lie group G can be seen as a Riemannian manifold. In particular g is a normed space with
norm ‖·‖. In this way Ad can be seen as a continuous family {Adx}x∈G of bounded operators
on the normed space g that is parametrized by G. Since G is assumed to be a compact Lie
group, there exists a Haar measure µ on G. As usual, the average of the norm ‖·‖ can be used
to obtain a new norm ‖·‖g in g with the further property that each Adx is an isometry for all
x ∈ G. Indeed, define
‖v‖g =
1
µ(G)
∫
x∈G
‖Adxv‖ dµ(x),
then ‖·‖g is a norm on g that satisfies the required additional property. From now on such a
norm on g is fixed. Note that in the particular case when G is semisimple and compact, the
norm ‖·‖g can be taken to be the negative of the Killing form which is positive definite and
non-degenerate.
On the other hand, for any Lie group the exponential map is a local homeomorphism, in
particular there exists an ǫ > 0 such that the restriction of the exponential map to B¯ǫ(0)
exp : B¯ǫ(0)→ G
is a homeomorphism onto its image. Moreover, since K ⊂ G is a closed subgroup, ǫ can be
chosen small enough so that exp(Bǫ(0) ∩ k) = exp(Bǫ(0)) ∩K, where k is the Lie algebra of K.
This is used to prove the following lemma.
Lemma 4.6. Let G be a compact Lie group and K ⊂ Z(G) a closed subgroup. Choose ǫ > 0
as above and let y ∈ B¯ǫ/2(0)− {0}. Then for any 0 < t ≤ 1
(1) ZG(exp(y)) = ZG(exp(ty)) and
(2) {x ∈ G | [x, exp(y)] ∈ K} = {x ∈ G | [x, exp(ty)] ∈ K}.
Proof: Part (1) was proved in [3, Lemma 8.1]. To prove (2), suppose that c ∈ K ⊂ Z(G).
Take x ∈ G with [x, exp(y)] = c; that is, x(exp(y))x−1(exp(−y)) = c. Since
x(exp(y))x−1 = exp(Adxy),
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it follows that exp(Adxy) exp(−y) = c ∈ Z(G). In particular exp(Adxy) and exp(−y) commute.
Indeed, if z, w ∈ G are such that zw = c for c central, then w = z−1c = cz−1 which implies that
zw = c = wz. By part (1) it follows that exp(Adxty) and exp(−ty) commute for all 0 ≤ t ≤ 1.
By [16, Lemma II 2.1]
1 = exp(ty) exp(−Adxty) exp(−ty) exp(Adxty) = exp(−t
2[y, Adxy] +O(t
3)),
where (1/t3)O(t3) is bounded and analytic for t sufficiently small. This shows that [y, Adxy] = 0.
Therefore
c = exp(Adxy) exp(−y) = exp(Adxy − y).
Note that (Adxy − y) ∈ g is such that
‖Adxy − y‖g ≤ ‖Adx − I‖g · ‖y‖g ≤ (‖Adx‖g + ‖I‖g)
ǫ
2
≤ ǫ.
The last inequality follows from the fact that ‖Adx‖g = 1 as Adx is an isometry with respect
to the norm ‖·‖g. This means that (Adxy − y) ∈ B¯ǫ(0). Since c ∈ K and c = exp(Adxy − y)
with (Adxy − y) ∈ B¯ǫ(0), then as exp is injective on B¯ǫ(0) it follows that k = (Adxy − y) ∈ k
where k is the Lie algebra of K. In particular,
exp(t(Adxy − y)) = exp(tk) ∈ K for t ∈ R.
Unraveling the definitions, this means that
[x, exp(ty)] ∈ K for all t ∈ R.
Since c ∈ K was arbitrary this shows that
{x ∈ G | [x, exp(y)] ∈ K} ⊂ {x ∈ G | [x, exp(ty)] ∈ K}.
If t 6= 0, then the same argument with s = 1/t shows the other inclusion. Hence
{x ∈ G | [x, exp(y)] ∈ K} = {x ∈ G | [x, exp(ty)] ∈ K}.

To finish this section, it is shown that if G is any compact Lie group and K ⊂ Z(G) is a
closed subgroup then the previous lemma can be used to construct a strong G-equivariant NDR
representation (h, u) for the pair (G, {1G}) that satisfies the additional properties required in
Proposition 4.5. Take ǫ > 0 as before. Define a function u : G→ [0, 1] as follows
u(g) =
{
2 ‖y‖g /ǫ if g = exp(y) for g ∈ exp(B¯ǫ/2(0)),
1 if g ∈ G− exp(Bǫ/2(0)).
Note that u is continuous with u−1(0) = {1G} and u−1([0, 1)) = exp(B¯ǫ/2(0)) and that u is
invariant under the conjugation action of G. To see this, suppose x ∈ G, then since Adx is an
isometry for the norm ‖·‖g
u(xgx−1) =
{
2 ‖Adx(y)‖g /ǫ = 2 ‖y‖g /ǫ if g = exp(y) for g ∈ exp(Bǫ/2(0)),
1 if g ∈ G− exp(Bǫ/2(0)).
On the other hand, take s : G → [0, 1] any G-invariant continuous function satisfying the
following properties
s(g) =
{
1 if g = exp(y) for g ∈ exp(B¯ǫ/2(0)),
0 if g ∈ G− exp(Bǫ(0)).
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Clearly such a bump function s always exists and can be constructed using partitions of unity
or by hand using the exponential map as done in [3]. The map s can be made to be G-invariant
by the usual averaging trick using a Haar measure as before. Finally, define a homotopy
h : G× [0, 1]→ G
by
h(g, t) =


exp((1− t)y) if g = exp(y) for y ∈ B¯ǫ/2(0),
exp((1− s(g)t)y) if g = exp(y) for y ∈ B¯ǫ(0)−Bǫ/2(0), and
g if g ∈ G− exp(Bǫ(0)).
The map h is G-equivariant. To see this, take x ∈ G, then as Adx is an isometry with respect
to the metric ‖·‖g the following are true
h(xgx−1, t) = exp((1− t)Adxy) = x exp((1− t)y)x
−1 = xh(g, t)x−1
if g = exp(y) for y ∈ B¯ǫ/2(0),
h(xgx−1, t) = exp((1− s(xgx−1)t)Adxy) = x exp((1− s(x)t)y)x
−1 = xh(g, t)x−1
if g = exp(y) for y ∈ B¯ǫ(0)− Bǫ/2(0), and
h(xgx−1, t) = xgx−1 = xh(g, t)x−1
if g ∈ G− exp(Bǫ(0)). From here it follows that h is G-equivariant, where G is acting on itself
by conjugation. The previous remarks can be used to prove the following proposition.
Proposition 4.7. Let G be a compact Lie group and K ⊂ Z(G) a closed subgroup. Then the
pair (h, u) as defined above is a strong G-NDR pair representation of (G, {1G}) that satisfies
the following additional properties: for each g ∈ G− {1G} and any 0 ≤ t < 1
(1) Z(g) = Z(h(g, t)) and
(2) {x ∈ G | [x, g] ∈ K} = {x ∈ G | [x, h(g, t)] ∈ K}.
Proof: It can be seen directly, as it was done in [3, Proposition 8.2] that (h, u) is an NDR pair
representation for (G, {1G}). By the previous remarks, h is G-equivariant and u is G-invariant,
thus (h, u) is a G-NDR pair representation for (G, {1G}). Moreover, (h, u) is a strong G-NDR
pair representation for (G, {1G}). To see this, suppose that g ∈ G is such that u(g) < 1. It
follows that g = exp(y) for some y ∈ Bǫ/2(0). Therefore h(g, t) = exp((1− t)y) and
u(h(g, t)) = u(exp((1− t)y)) = 2 |1− t| ‖y‖g /ǫ ≤ 2 ‖y‖g /ǫ < 1,
for all t ∈ [0, 1]. Conditions (1) and (2) are now verified. To do so, note that for any t ∈ [0, 1]
and any g ∈ G, h(g, t) is either 1G, g or exp(ky) for 0 < k ≤ 1 and y ∈ B¯ǫ(0) such that
g = exp(y). Moreover, if g 6= 1 and t 6= 1, then h(g, t) 6= 1 and thus h(g, t) is either g or
exp(ky) for 0 < k ≤ 1. The proposition follows then by Lemma 4.6. 
The following theorem which is the goal of this section is an immediate corollary of Propo-
sitions 4.5 and 4.7.
Theorem 4.8. If G is a compact Lie group and K ⊂ Z(G) is a closed subgroup then, for
each n ≥ 0 and each 0 ≤ r ≤ n the pair (Sr−1n (G,K), S
r
n(G,K)) is a strong G-NDR pair.
In particular, (S¯r−1n (G,K), S¯
r
n(G,K)) and (S
r−1
n (G,K)
H , Srn(G,K)
H) are strong NDR pairs for
every subgroup H ⊂ G.
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Remark. The previous theorem can also be proved as follows. Let G be a compact Lie group
and K ⊂ Z(G) a closed subgroup. Then using the methods in [21] it can be proved that the
spaces of the form Srn(G,K) are semi-algebraic sets and that these have the homotopy type of a
G-CW complex (see [21] for definitions). Moreover, Srn(G,K) can be seen as a G-subcomplex of
Sr−1n (G,K) for all 1 ≤ r ≤ n. The authors would like to thank one of the referees for pointing
out this alternative approach. The arguments provided here can be extended in some situations
to groups which are not necessarily compact (see [3] for example).
5. Stable decompositions
In [3], it was proved that if G is a closed subgroup of GL(n,C), in particular if G is a compact
Lie group, there is a natural homotopy equivalence
Σ(Hom(Zn, G)) ≃
∨
1≤r≤n
Σ

(
n
r)∨
Hom(Zr, G)/Sr(G)

 .
Here Sr(G) ⊂ Hom(Zr, G) is the subspace of r-tuples (x1, ..., xr) ∈ Hom(Zr, G) for which at
least one of the xi’s equals 1G. In this section it is proved that a similar stable splitting holds
for the spaces Bn(G,K), when G is a compact Lie group and K ⊂ Z(G) is a closed subgroup.
Let X∗ be a simplicial space with face and degeneracy maps ∂i : Xn → Xn−1 and sj : Xn →
Xn+1 respectively. The different degeneracy maps can be used to obtain a filtration of every
space Xn as follows. For each 0 ≤ r ≤ n, denote
Sr(Xn) =
⋃
0≤jr<···<j1≤n
sj1sj2 · · · sjr(Xn−r).
Also define Sn+1(Xn) to be the empty set. These spaces form a filtration of Xn
∅ = Sn+1(Xn) ⊂ S
n(Xn) ⊂ · · · ⊂ S
1(Xn) ⊂ S
0(Xn) = Xn.
Definition 5.1. A simplicial space X∗ is said to be simplicially NDR if for every n ≥ 0 and
every 0 ≤ r ≤ n the pair (Sr(Xn), Sr+1(Xn)) is an NDR pair.
Under some circumstances the previous filtration splits stably. For example, the following
theorem proved in [2] establishes that if a simplicial space X∗ is simplicially NDR, then previous
filtration of Xn splits after one suspension.
Theorem 5.2. Consider a simplicial space X∗ that is simplicially NDR. Then for every n ≥ 0
there is a natural homotopy equivalence
Θ(n) : Σ(Xn)→
∨
0≤r≤n
Σ(Sr(Xn)/S
r+1(Xn)).
In general for a simplicial space X∗ there is a natural filtration
F0 |X∗| ⊂ F1 |X∗| ⊂ · · · ⊂ Fn |X∗| ⊂ · · · ⊂ |X∗|
of |X∗|, the geometric realization of X∗. The space Fj |X∗| is precisely the image in |X∗| of
⊔0≤k≤jXk × ∆k. This filtration behaves nicely if X∗ satisfies certain conditions. One such
condition is the following definition that was given by May in [19].
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Definition 5.3. A simplicial space X∗ is proper if each pair (Xn, S
1(Xn)) is a strong NDR
pair.
When a simplicial space X∗ is simplicially NDR and proper, then the stable homotopy type
of the factors Sr(Xn)/S
r+1(Xn) that appear in the previous theorem can be identified in terms
of the filtration Fn |X∗| of |X∗|. More precisely, there is the following theorem also proved in
[2].
Theorem 5.4. Let X∗ be a simplicial space that is proper and simplicially NDR. Then there
are homotopy equivalences
K(n, r) : Σn+1(Sr(Xn)/S
r+1(Xn))→
∨
Jr
Σr+1(Fn−r |X∗| /Fn−r−1 |X∗|).
Thus by Theorem 5.2 there are natural homotopy equivalences
Θ′(n) : Σn+1(Xn)→
∨
0≤r≤n
∨
Jr
Σr+1(Fn−r |X∗| /Fn−r−1 |X∗|),
where Jr runs over all possible sequences of the form 0 ≤ jr < · · · < j1 ≤ n.
As pointed out before, the collection B∗(G,K) forms a simplicial space for a general Lie
group and a closed central subgroup K. By definition for 0 ≤ r ≤ n the space Sr(Bn(G,K))
in the filtration of Bn(G,K) given by the degeneracy maps is precisely S
r
n(G,K). In Theorem
4.8, it was proved that if G is a compact Lie group and K ⊂ Z(G) is a closed subgroup then
for every n ≥ 0 and every 0 ≤ r ≤ n the pair (Srn(G,K), S
r+1
n (G,K)) is a strong NDR pair.
Thus the following is obtained as a corollary of Theorem 4.8:
Corollary 5.5. Let G be a compact Lie group and K ⊂ Z(G) a closed subgroup. Then the
simplicial space B∗(G,K) is proper and simplicially NDR.
A stable splitting for Bn(G,K) is obtained as a direct consequence of the previous corollary.
Moreover, the different quotients
Sr(Bn(G,K))/S
r+1(Bn(G,K))
can be identified in the same way as in [3, Section 6]. To be more precise, for 0 ≤ r ≤ n, let
Jn,r denote the set of all sequences of the form
1 ≤ m1 < · · · < mn−r ≤ n.
Note that Jn,r contains precisely
(
n
n−r
)
=
(
n
r
)
elements. Given such a sequence, there is an
associated projection
Pm1,...,mn−r : Bn(G,K)→ Bn−r(G,K)
(x1, ..., xn) 7→ (xm1 , ..., xmn−r).
These projections are G-equivariant, with G acting by conjugation and can be assembled to
obtain a G-map
ηn : Bn(G,K)→
∏
Jn,r
Bn−r(G,K)/S
1
n−r(G,K)
(x1, ..., xn) 7→ {P¯m1,...,mn−r((x1, ..., xn))}(m1,...,mn−r)∈Jn,r .
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The map ηn sends the G-invariant space S
r
n(G,K) onto
∨
Jn,r
Bn−r(G,K)/S
1
n−r(G,K) and
Sr+1n (G,K) is mapped onto the base point. Therefore ηn induces a G-equivariant continuous
map
Sr(Bn(G,K))/S
r+1(Bn(G,K))→
∨
Jn,r
Bn−r(G,K)/S
1
n−r(G,K)
=
(nr)∨
Bn−r(G,K)/S
1
n−r(G,K)
and this map is easily shown to be a G-equivariant homeomorphism. This together with
Theorems 5.2 and 5.4 can be used to prove the following theorem.
Theorem 5.6. Suppose that G is a compact Lie group and that K ⊂ Z(G) is a closed subgroup.
Then for each n ≥ 1 there is a natural G-equivariant homotopy equivalence
Θ(n) : Σ(Bn(G,K)) ≃
∨
1≤r≤n
Σ

(
n
r)∨
Br(G,K)/S
1
r (G,K)

 .
In particular there is natural homotopy equivalence
Θ¯(n) : Σ(B¯n(G,K)) ≃
∨
1≤r≤n
Σ

(
n
r)∨
B¯r(G,K)/S¯1r(G,K)

 .
Proof: By Theorems 5.2 and 5.5 and the previous remark it follows that Θ(n) is a homotopy
equivalence. To see that this is in fact a G-equivariant homotopy equivalence, note that if
g ∈ G, then the map conjugation by g defines a map of simplicial spaces
τg : B∗(G,K)→ B∗(G,K).
By naturality it follows that Θ(n) is a G-equivariant map, with G acting by conjugation. On
the other hand, if H ⊂ G is a subgroup then Bn(G,K)H forms a simplicial space. By Theorem
4.8 and Lemma 4.2 the pair (Sr−1n (G,K)
H , Srn(G,K)
H) is a strong NDR pair. This means that
the simplicial space B∗(G,K)
H is simplicially NDR and Theorem 5.2 applied to this simplicial
space provides a homotopy equivalence
Θ(n,H) : Σ(Bn(G,K)
H) ≃
∨
1≤r≤n
Σ

(
n
r)∨
Br(G,K)
H/S1r (G,K)
H

 .
The map Θ(n,H) agrees by naturality with the fixed point set map Θ(n)H . Therefore Θ(n)
is a G-equivariant map such that for every subgroup H ⊂ G, the fixed point map Θ(n)H is
a homotopy equivalence. In particular Θ(n) is a G-equivariant weak homotopy equivalence.
By Proposition 5.7 below the G-space Bn(G,K) has the homotopy type of a G-CW complex
(similarly each Br(G,K)/S
1
r (G,K) has the homotopy type of a G-CW complex for 1 ≤ r ≤ n)
and thus the theorem follows by the equivariant Whitehead Theorem. 
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Remark. The naturality of the map Θ(n) in the previous theorem is with respect to morphisms
between pairs (G,K) and (G′, K ′); that is, Θ(n) is natural with respect to homomorphisms
f : G→ G′ of Lie groups such that f(K) ⊂ K ′.
Proposition 5.7. Let G be a compact Lie group and K ⊂ Z(G) a closed subgroup. Then for
every n ≥ 1 the space Bn(G,K) has the homotopy type of a G-CW complex.
Proof: The case K = {1G} is considered first, this corresponds to the space of commuting
n-tuples in G. Since G is a compact Lie group it is well known that G carries the structure of a
real algebraic group. This is why Bn(G, {1G}) = Hom(ZnG) ⊂ Gn is a compact real algebraic
G-variety, where the action of G is given by conjugation. By [21, Theorem 1.3] it follows that
Hom(ZnG) has the homotopy type of a G-CW complex. Suppose now that K ⊂ Z(G) is any
closed subgroup. By the previous argument, the space Hom(Zn, G/K) has the homotopy type
of a G/K-CW complex. The natural map p : G→ G/K induces a G action on Hom(Zn, G/K)
and this way Hom(Zn, G/K) has the homotopy type of a G-CW complex. By Lemma 2.3
the natural map φn : Bn(G,K) → Hom(Zn, G/K) is a G-equivariant locally trivial principal
Kn-bundle. The group G acts trivially on Kn as K is central and this is enough to conclude
that Bn(G,K) has the homotopy type of a G-CW complex. To see this, note that Bn(G,K) is
a separable metric space and thus by [20, Theorem 14.2] it is enough to show that Bn(G,K)
has the homotopy type of a G-ANR. By [20, Theorem 9.5] this is equivalent to showing that
every point x ∈ Bn(G,K) has a Gx-neighborhood which is a Gx-ANR but the latter follows
easily from the local triviality of the principal Kn-bundle Bn(G,K)→ Hom(Zn, G/K) and the
fact that G acts trivially on Kn. 
Using [19, Lemma 11.3] and the fact that B∗(G,K) is a proper simplicial space when G is a
compact Lie group, the stable factors appearing in the previous Theorem 5.6 can be described
in terms of the natural filtration of B(G,K), the geometric realization of B∗(G,K).
Proposition 5.8. Let G be a compact Lie group and K ⊂ Z(G) a closed subgroup. Then there
is a G-equivariant homeomorphism
ΣnBn(G,K)/S
1
n(G,K)
∼= FnB(G,K)/Fn−1B(G,K),
where
F0B(G,K) ⊂ F1B(G,K) ⊂ · · · ⊂ FnB(G,K) ⊂ · · · ⊂ B(G,K)
is the natural filtration of B(G,K).
6. Representation spaces and symmetric products
In this section the representation spaces Rep(Zn, G) are studied for compact Lie groups.
In particular the stable splitting of Theorem 5.6 is completely determined for these spaces
when G is such that Rep(Zn, G) is path-connected for all n ≥ 1. Also, a connection between
representation spaces and symmetric products is explored from which interesting consequences
can be derived.
To begin, take G to be a compact Lie group. If K = {1G} is the trivial group then by defini-
tion Bn(G, {1G}) = Hom(Zn, G) and Theorem 5.6 provides a stable splitting for Hom(Zn, G).
This splitting agrees with [3, Theorem 1.6] with the additional fact that the splitting map Θ(n)
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is a G-equivariant homotopy equivalence. In particular, after passing to orbit spaces, Θ¯(n)
defines a natural homotopy equivalence
Θ¯(n) : ΣRep(Zn, G) ≃
∨
1≤r≤n
Σ

(
n
r)∨
Rep(Zn, G)/S¯1r (G)

 .
The following theorem identifies the stable pieces Rep(Zn, G)/S¯1r (G) under the assumption that
Rep(Zr, G) is path-connected for all r ≥ 1.
Theorem 6.1. Let G be a compact, connected Lie group such that Rep(Zr, G) is path-connected
for 1 ≤ r ≤ n. Let T be a maximal torus of G and W the Weyl group associated to T . Then
there is a homeomorphism
Rep(Zn, G) ∼= T n/W,
where W acts diagonally. Moreover, the map Θ¯(n) defines a homotopy equivalence
ΣRep(Zn, G) ≃
∨
1≤r≤n
Σ(
(nr)∨
T∧r/W ),
where T∧r is the smash product of r copies of T .
Proof: Consider the continuous map
ϕn : G× T
n → Hom(Zn, G)
(g, t1, ..., tn) 7→ (gt1g
−1, ..., gtng
−1).
Under the given hypothesis, [8, Lemma 4.2] shows that every commuting n-tuple in G lies in
a maximal torus of G. Since any two maximal tori in G are conjugated then ϕn is surjective.
Moreover, ϕn is invariant under the action of N(T ) and therefore it induces a continuous map
ϕ¯n : G×N(T ) T
n → Hom(Zn, G).
This map is G-equivariant, where G acts by left multiplication on the G factor of G ×N(T )
T n and by conjugation on Hom(Zn, G). The induced map on the level of orbit spaces is a
homeomorphism
ψn : T
n/W ∼= Rep(Zn, G).
Under this homeomorphism, S¯1r (G) corresponds to the subspace of T
n/W consisting of equiv-
alence classes of the form [t1, ..., tn] for which at least one ti = 1. Therefore ψn defines a
homeomorphism
T∧n/W ∼= Rep(Zn, G)/S¯1r (G).

Remark. By [3, Proposition 2.3] if a Lie group G is such that every abelian subgroup of G is
contained in a path-connected abelian subgroup, then the spaces Hom(Zn, G) and Rep(Zn, G)
are path-connected for every n. This is the case for G = U(m), SU(m) and Sp(m).
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Example 6.2. Let G = SU(m) with m ≥ 1. The space Rep(Zn, SU(m)) is path-connected
by the previous remark. In this case a maximal torus T can be taken to be the subspace of
diagonal matrices with entries in S1 and determinant one, thus T ∼= (S1)m−1. The Weyl group
W is the symmetric group Σm acting on T by permuting the diagonal entries of a matrix in T .
According to the previous theorem there is a homotopy equivalence
ΣRep(Zn, SU(m)) ≃
∨
1≤r≤n
Σ

(
n
r)∨
((S1)m−1 ∧ · · · ∧ (S1)m−1︸ ︷︷ ︸
r−copies
)/Σm

 ,
with Σm acting diagonally. As an example take m = 2. In this case the stable factors are given
by
(S1)∧r/Σ2 ∼= S
r/Σ2,
with the nontrivial element τ ∈ Σ2 acting on a point (x0, ..., xr) ∈ Sr by
τ · (x0, ..., xr) = (x0,−x1, ...,−xr).
The definition of symmetric products is recalled next.
Definition 6.3. Let X be a topological space. The m-th symmetric product of X is defined
to be the quotient space
SPm(X) := Xm/Σm,
where the symmetric group Σm acts by permuting the different factors of X .
When m = 0, the space SP 0(X) is defined to be a point. In general, SPm(X) can be thought
of as the space of unordered m-tuples [y1, ..., ym]. Suppose that X is a based space with base
point x0. In this situation, there is a natural map
SPm(X)→ SPm+1(X)
that sends the unordered m-tuple [y1, ..., ym] to [y1, ..., ym, x0]. This induces a sequence
X = SP 1(X)→ SP 2(X)→ · · · → SPm(X)→ · · ·
and SP∞(X) is defined as the colimit of this sequence. Notice that SP∞(X) is precisely the
free abelian monoid generated by X .
Symmetric products naturally appear in the study of spaces of representations; this is ex-
plained in the following proposition.
Proposition 6.4. There are homeomorphisms
Rep(Zn, U(m)) ∼= SPm((S1)n),
Rep(Zn, Sp(m)) ∼= SPm((S1)n/Z/2),
where Z/2 acts by complex conjugation on S1 and diagonally on the torus (S1)n. These home-
omorphisms are compatible with the standard inclusions
U(m)→ U(m+ 1) and Sp(m)→ Sp(m+ 1).
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Proof: By Theorem 6.1 when G is a compact Lie group such that Rep(Zn, G) is path-connected
for all n ≥ 1 there is a homeomorphism
Rep(Zn, G) ∼= T n/W,
where T ⊂ G is a maximal torus and W is the Weyl group. As pointed out before Rep(Zn, G)
is path-connected for every n ≥ 1 when G = U(m) or Sp(m). For G = U(m) a maximal torus
T is of rank m and can be taken to be the space of diagonal matrices with entries in S1 and
the Weyl group W = Σm acts by permuting the diagonal entries. Therefore
Rep(Zn, U(m)) ∼= T n/W ∼= ((S1)m)n/Σm.
Here Σm acts diagonally on the previous product and permutes the diagonal factors in each
factor (S1)m. Note that
((S1)m)n/Σm ∼= ((S
1)n)m/Σm,
where Σm acts by permuting the (S
1)n factors in the product ((S1)n)m. Therefore
Rep(Zn, U(m)) ∼= ((S1)n)m/Σm ∼= SP
m((S1)n).
On the other hand, for G = Sp(m) a maximal torus T is homeomorphic to (S1)m and the Weyl
group W is a semi-direct product
W = Σm ⋉ (Z/2)
m,
where Σm acts permuting the factors in (S
1)m and if Z/2 acts on S1 by complex conjugation,
then given (τ1, ..., τm) ∈ (Z/2)m and (x1, ..., xm) ∈ (S1)m then
(τ1, ..., τm) · (x1, ..., xm) = (τ1 · x1, ..., τm · xm).
Therefore
Rep(Zn, Sp(m)) ∼= T n/W ∼= ((S1)m)n/W,
with W acting diagonally. In this case
((S1)m)n/W ∼= ((S1)n)m/W ∼= ((S1)n/Z/2)m/Σm ∼= SP
m((S1)n/Z/2).

Remark. The quotient space (S1)n/Z/2 is a singular space with 2n isolated singularities. Neigh-
borhoods around the singular points look like cones on RP n−1. For example, when n = 4 the
quotient (S1)4/Z/2 is an orbifold with 16 isolated singularities.
The identification of Rep(Zn, G) as a symmetric product for G = U(m) and Sp(m) has
interesting consequences. For example the following can be derived.
Corollary 6.5. For every m ≥ 1 there is a homeomorphism
Rep(Z2, Sp(m)) ∼= CPm.
Proof: By the previous corollary
Rep(Z2, Sp(m)) ∼= SPm((S1 × S1)/Z/2).
The quotient space (S1 × S1)/Z/2 is homeomorphic to S2. Therefore
Rep(Z2, Sp(m)) ∼= SPm(S2) ∼= CPm.

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Suppose now that G is a topological abelian group. The multiplication on G defines a
continuous function
µm : SP
m(G)→ G
[x1, ..., xm] 7→ x1 · · ·xm.
When G = (S1)n the following diagram commutes
SPm((S1)n)
∼=

µm
// (S1)n
Rep(Zn, U(m))
det∗
77
p
p
p
p
p
p
p
p
p
p
p
and thus µm can be identified with the map induced by the determinant det∗. Note that
det−1∗ (1, ..., 1) is precisely the space of commuting n-tuples of elements in SU(m) modulo
conjugation in U(m). This space agrees with Rep(Zn, SU(m)) because any two elements in
Hom(Zn, SU(m)) are conjugate by an element in U(m) if and only if they are conjugate by an
element in SU(m). Moreover the map
µm : SP
m((S1)n)→ (S1)n
is a locally trivial fiber bundle. This can be seen by picking an n-th root of the determinant
function which can always be done locally. For the particular case of n = 2, the map µm agrees
with the Abel-Jacobi map
µm : SP
m(S1 × S1)→ S1 × S1.
In general, if Mg is a Riemann surface of genus g and J(Mg) denotes its Jacobian then the
Abel-Jacobi is a map
µm : SP
m(Mg)→ J(Mg),
that makes SPm(Mg) into a fiber bundle over J(Mg) with fiber type CPm−g for m ≥ 2g. In
particular Rep(Z2, SU(m)) ∼= CPm−1 for m ≥ 2. This proves the following proposition.
Proposition 6.6. For every n and m ≥ 1 composition with the determinant defines a locally
trivial fiber bundle
det∗ : Rep(Z
n, U(m))→ (S1)n.
with fiber type Rep(Zn, SU(m)). In particular, for m ≥ 2
Rep(Z2, SU(m)) ∼= CPm−1.
The identification Rep(Z2, U(m)) ∼= SPm(S1 × S1) can also be used to prove the following
corollary using the results from [18].
Corollary 6.7.
H i(Rep(Z2, U(m));Z) ∼=


Z if i = 0,
Z⊕ Z if 1 ≤ i ≤ 2m− 1,
Z if i = 2m,
0 if i > 2m.
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In general the cohomology groups of the spaces Rep(Zn, U(m)) and Rep(Zn, Sp(m)) can be
computed using the identifications given in Proposition 6.4. Note that by [25, Section 22] the
inclusions
Rep(Zn, U(m))→ Rep(Zn, U(m+ 1)) and Rep(Zn, Sp(m))→ Rep(Zn, Sp(m+ 1))
split on the level of cohomology.
Definition 6.8. For each n ≥ 1, define Rep(Zn, SU) to be the colimit of the sequence
Rep(Zn, SU(1))→ Rep(Zn, SU(2))→ · · · → Rep(Zn, SU(m))→ Rep(Zn, SU(m+ 1)) · · ·
induced by the canonical inclusions SU(m)→ SU(m+1). Similarly, Rep(Zn, U) and Rep(Zn, Sp)
are defined as the colimit of the finite stages under the canonical inclusions.
The homotopy type of these spaces is established in the following theorem1
Theorem 6.9. For every n ≥ 1 there are homotopy equivalences
Rep(Zn, SU) ≃
∏
2≤i≤n
K(Z(
n
i), i),
Rep(Zn, U) ≃
∏
1≤i≤n
K(Z(
n
i), i),
Rep(Zn, Sp) ≃
∏
1≤i≤⌊n/2⌋
K(Z(
n
2i) ⊕ (Z/2)r(2i), 2i),
where the r(i)’s are integer defined by
r(i) =
{ (
n
0
)
+
(
n
1
)
+ · · ·+
(
n
n−i−1
)
if 1 ≤ i ≤ n
0 if i > n.
Proof: By Proposition 6.4 there are homeomorphisms
Rep(Zn, U(m)) ∼= SPm((S1)n),
Rep(Zn, Sp(m)) ∼= SPm((S1)n/Z/2),
which are compatible with the standard inclusions. It follows that there are homeomorphisms
Rep(Zn, U) ∼= SP∞((S1)n) and Rep(Zn, Sp) ∼= SP∞((S1)n/Z/2).
In general in [14] it is proved that if X is a connected CW complex of finite type then
SP∞(X) ≃
∏
n≥1
K(Hn(X,Z), n).
This is then used to handled the cases of U and Sp. (The homology groups of (S1)n/Z/2
are computed below in proposition 6.10). To handle the case of SU notice that a homotopy
equivalence
f :
∏
1≤i≤n
K(Z(
n
i), i)→ SP∞((S1)n) ∼= Rep(Zn, U)
1A proof for the case of the unitary groups also appears in [22, Theorem 6.6].
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can be constructed as follows. For each 1 ≤ i ≤ n pick
fi :
(ni)∨
Si → SP∞((S1)n)
inducing an isomorphism in πi for 2 ≤ i ≤ n and an isomorphism on H1 for i = 1. The map
f1 :
n∨
S1 → SP∞((S1)n)
can be chosen to be the inclusion
n∨
S1 → (S1)n = SP 1((S1)n)→ SP∞((S1)n)
where the j-th wedge factor in
∨n
S1 is mapped into the j-th factor of (S1)n. Since SP∞((S1)n)
has the structure of a monoid the different f ′is can be assembled to get a homomorphism
g : SP∞(
∨
1≤i≤n
(ni)∨
Si)→ Rep(Zn, U).
This map is a homotopy equivalence. Also there is a homotopy equivalence
h : (S1)n ×
∏
2≤i≤n
K(Z(
n
i), i) =
∏
1≤i≤n
SP∞(
(ni)∨
Si) ∼= SP∞(
∨
1≤i≤n
(ni)∨
Si),
and f is defined to be the composition f = g◦h. On the other hand, the locally trivial fibration
sequences
Rep(Zn, SU(m))→ Rep(Zn, U(m))
det∗→ (S1)n
are compatible with the standard inclusions SU(m) → SU(m + 1) and U(m) → U(m + 1).
Therefore the determinant gives rise to a well defined function
det∗ : Rep(Z
n, U)→ (S1)n
which is a fibration with fiber type Rep(Zn, SU). Moreover, by the way the map f1 was chosen,
it follows that there is a commutative diagram of fibrations∏
2≤i≤nK(Z
(ni), i)
f|
−−−→ Rep(Zn, SU)y y
(S1)n ×
∏
2≤i≤nK(Z
(ni), i)
f
−−−→ Rep(Zn, U)
p1
y ydet∗
(S1)n
=
−−−→ (S1)n
From the long exact sequences on homotopy groups associated to these fibrations and the five
lemma it follows that
f| :
∏
2≤i≤n
K(Z(
n
i), i)→ Rep(Zn, SU)
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is a weak homotopy equivalence. The proposition follows by noting that Rep(Zn, SU) has the
homotopy type of a CW complex. 
Proposition 6.10. The homology groups of (S1)n/Z/2 are given by
Hi((S
1)n/Z/2;Z) ∼=


Z if i = 0,
Z(
n
i) ⊕ (Z/2)(
n
0
)+(n
1
)+···+( nn−i−1) if i is even and 0 < i ≤ n,
0 else.
Proof: Let G = Z/2 and X = (S1)n seen as a G-space with G acting diagonally and by
complex conjugation on each S1 factor. Denote by F the fixed point set under this G action
which in this case is a discrete set with 2n points. The cohomology groups H i(X/G;Z) are
computed first. Using the long exact sequence in cohomology associated to the pair (X/G, F ),
it suffices to compute the relative cohomology groups H∗(X/G, F ;Z). To do so, consider the
map ϕ : X ×G EG → X/G induced by the G-equivariant projection π1 : X × EG → X . By
[12, Proposition 1.1 VII] the map ϕ induces an isomorphism
(4) ϕ∗ : H∗(X/G, F ;Z)→ H∗G(X,F ;Z).
The equivariant cohomology groups H∗G(X,F ;Z) are computed next. This is achieved by
studying the map j∗G : H
∗
G(X ;Z) → H
∗
G(F ;Z) induced by the inclusion j : F →֒ X . Consider
the fibration sequence
X → X ×G EG→ BG.
By [7, Theorem 1.2] the Lyndon-Hochshild-Serre spectral sequence associated to this fibration
collapses on the E2-term and there are no extension problems. Therefore
HkG(X ;Z) = H
k(X ×G EG;Z) ∼=
⊕
i+j=k
H i(G;Hj(X ;Z)).
Using [1, Proposition 1.10] these cohomology groups can be computed explicitly to obtain
(5) HkG(X ;Z)
∼=


Z if k = 0,
Z(
n
k) ⊕ (Z/2)(
n
0
)+···+( nk−1) if k is even and 0 < k ≤ n,
(Z/2)2
n
if k is even , k > n,
0 if k is odd.
In particular, the map j∗G : H
k
G(X ;Z) → H
k
G(F ;Z) is trivial for k odd. On the other hand,
since G acts trivially on F , then F ×G EG = F ×BG and thus
(6) HkG(F ;Z) = H
k(F × BG) ∼=


Z2
n
if k = 0,
(Z/2)2
n
if k is even, k > 0,
0 if k is odd.
By the universal coefficient theorem the natural map
Hk(X ×G EG;Z)⊗ Z/2→ H
k(X ×G EG;Z/2)
is an isomorphism when k is even since in this case the Tor term vanishes as
Hk+1(X ×G EG;Z) = 0 when k is even.
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The same is true when X is replaced by F . Therefore when k is even there is a commutative
diagram
(7) Hk(X ×G EG;Z)⊗ Z/2
∼=
//
j∗G⊗Z/2

Hk(X ×G EG;Z/2)
j∗
G,Z/2

Hk(F ×G EG;Z)⊗ Z/2
∼=
// Hk(F ×G EG;Z/2).
On the other hand, since Hk(X ;Z/2) = 0 for k > n, then by [12, Theorem 1.5 VII] the map
j∗G,Z/2 : H
k
G(X ;Z/2)→ H
k
G(F ;Z/2)
is an isomorphism for k > n. Moreover, for any k ≥ 0 the map j∗G,Z/2 is injective. To see this
note that ∑
i≥0
rkHk(X,Z/2) =
∑
i≥0
rkHk(F,Z/2) = 2n.
Therefore, by [12, Theorem 1.6 VII] X is totally nonhomologous to zero (mod p) 1 in X×GEG
and by [12, Theorem 1.5 VII] the map j∗G,Z/2 is injective. Notice that when k is even by (6) it
follows that HkG(F ;Z)⊗Z/2
∼= HkG(F ;Z). Using this and (7) it follows that when k is even the
image of
j∗G : H
k
G(X ;Z)→ H
k
G(F ;Z)
is a Z/2-vector space of rank
(
n
0
)
+
(
n
1
)
+ · · ·+
(
n
k
)
. Similarly, using (5), (6) and (7) it can be seen
that when k is even Ker(j∗G)
∼= Z(
n
k). By the long exact sequence in G-equivariant cohomology
associated to the pair (X,F ) if follows that
HkG(X,F ;Z)
∼=


0 if k = 0,
Z2
n−1 if k = 1,
Z(
n
k) if k is even, 0 < k ≤ n,
(Z/2)(
n
0
)+(n
1
)+···+( nn−k) if k is odd, 1 < k ≤ n,
0 if k > n.
Since F is discrete, from the long exact sequence in cohomology associated to the pair (X/G, F )
it follows that Hk(X/G, F ;Z) ∼= Hk(X/G;Z) for k ≥ 2. It is easy to see that H0(X/G;Z) = Z
and H1(X/G;Z) = 0. Using this and the isomorphism (4) the cohomology groups Hk(X/G;Z)
are computed. Finally, the result follows by applying the universal coefficient theorem to obtain
the homology groups Hi(X/G;Z). 
On the other hand, as noted before a stable splitting for the spaces of the from Rep(Zn, G)
is obtained by Theorem 5.6. Via the identifications
Rep(Zn, U(m)) ∼= SPm((S1)n) and Rep(Zn, Sp(m)) ∼= SPm((S1)n/Z/2)
a stable splitting for the spaces SPm((S1)n) and SPm((S1)n/Z/2) is then obtained. It turns out
that a similar splitting holds in general for spaces of the form SPm(Gn) when G is a topological
group with nondegenerate unit. This can be seen using the following definition given by May
[19, Definition A.7].
1A G-space X is said to be totally nonhomologous to zero (mod p) if the restriction to a typical fiber
H∗(X ×G EG;Z/p)→ H∗(X ;Z/p) is surjective.
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Definition 6.11. Let U be the category of compactly generated Hausdorff spaces. A functor
F : U → U , is said to be admissible if for any NDR representation of (h, u) of (X,A) as
an NDR pair determines a representation (Fh, Fu) of (FX, FA) as an NDR pair such that
(Fh)t = F (ht) and such that, for any map g : X → X that satisfies the condition u(g(x)) < 1
whenever u(x) < 1, then the map Fu : FX → [0, 1] satisfies (Fu)(Fg)(y) < 1 whenever
Fu(y) < 1, y ∈ FX .
For every m ≥ 1 the functor SPm is an admissible functor. Indeed, if (X,A) is an NDR pair
represented by (h, u), then (SPmX,SPmA) is an NDR pair represented by (SPmh, SPmu),
where
SPmh(([x1, .., xm], t)) = [h(x1, t), ..., h(xm, t)]
SPmu([x1, .., xm]) = max
1≤i≤m
u(xi).
The other condition of an admissible functor is easily verified. From the definition it follows
that if F is an admissible functor and X∗ is a simplicial space that is simplicially NDR (resp.
proper), then the simplicial space FX∗ is also simplicially NDR (resp. proper). In particular,
a stable decomposition as in Theorem 5.2 for FXn is obtained whenever this theorem applies
for Xn. Therefore if G is a topological group with nondegenerate unit; that is; (G, {1G}) is
an NDR pair, then the simplicial space B∗G is simplicially NDR and it is proper if (G, {1G})
is further assumed to be a strong NDR pair. Let S1(SPm(Gn)) be the subspace of SPm(Gn)
consisting of unordered m-tuples x = [x1, ..., xm] with xi ∈ Gn with the following property. If
xi = (gi1, ..., gin),
then there is a j such that gij = 1G for all 1 ≤ i ≤ n. If the elements gij are seen as the entries
of an m × n matrix A(x), then this condition means that at least one of the columns of A(x)
has entries all equal to 1G. From the previous remark the following corollary is obtained.
Corollary 6.12. For any topological group G with nondegenerate unit and any n and m ≥ 1
there is a natural homotopy equivalence
ΣSPm(Gn) ≃
∨
1≤r≤n
Σ

(
n
r)∨
SPm(Gr)/S1(SPm(Gr))

 .
If in addition (G, {1}) is a strong NDR pair, then each factor SPm(Gr)/SPm(F 1Gr) is stably
equivalent to the quotient FrSP
mBG/Fr−1SP
mBG, for a filtration of SPmBG
F0SP
mBG ⊂ F1SP
mBG ⊂ · · · ⊂ FrSP
mBG ⊂ · · · ⊂ SPmBG.
Proof: From the previous remark, the simplicial space SPm(G∗) is simplicially NDR and
proper if (G, {1}) is a strong NDR pair. By Theorem 5.2, the filtration
∅ = Sn+1(SPm(Gn)) ⊂ Sn(SPm(Gn)) ⊂ · · · ⊂ S1(SPm(Gn)) ⊂ SPm(Gn)
of SPm(Gn) given by the degeneracy maps splits after one suspension and there is a natural
homotopy equivalence
ΣSPm(Gn) ≃
∨
0≤r≤n
Σ(Sr(SPm(Gn))/Sr+1(SPm(Gn))).
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The first part of the corollary follows by showing that
Sr(SPm(Gn))/Sr+1(SPm(Gn)) ∼=
( nn−r)∨
SPm(Gn−r)/S1(SPm(Gn−r)).
This is achieved in the same way as in the case of the spaces Bn(G,K) using the different
projection maps
Pm1,...,mn−r : G
n → Gn−r
(x1, ..., xn) 7→ (xm1 , ..., xmn−r).
for all possible sequences 1 ≤ m1 ≤ · · ·mn−r ≤ n. To show the last part note that if (G, {1G})
is a strong NDR pair, then B∗G is a proper simplicial space. By [19, Lemma 11.3] each fac-
tor SPm(Gr)/S1(SPm(Gr)) is stably equivalent to the quotient Fr|SPmB∗G|/Fr−1|SPmB∗G|,
where
F0|SP
mB∗G| ⊂ F1|SP
mB∗G| ⊂ · · · ⊂ Fr|SP
mB∗G| ⊂ · · · |SP
mB∗G|
is the natural filtration of |SPmB∗G|. But in the category of compactly generated weak Haus-
dorff spaces |SPmB∗G| ∼= SP
mBG. 
7. Compact Lie groups of rank one
In this section the stable factors appearing in Theorem 5.6 are studied for the particular case
of compact connected rank one Lie groups.
Let G be a compact, connected rank one Lie group. If G is such a Lie group then it is
isomorphic to S1, SU(2) or SO(3). A similar argument can be used to understand the stable
factors Bn(G,K)/S
1
n(G,K) in these three cases. The case K = {1G} is handled first, this
corresponds to the space of commuting n-tuples in G. Fix T a maximal torus for G and let W
denote the corresponding Weyl group. When G = S1 then T = S1, for G = SU(2) the maximal
torus T can be taken to be the space of diagonal matrices with entries in S1 and determinant
one and when G = SO(3), T can be taken to be the space of rotations with respect to the
z-axis. The possibilities for W are the trivial group when G = S1 or Σ2 acting on the Lie
algebra t ∼= iR by complex conjugation in the other cases. In any of these cases there is a
W -equivariant homeomorphism
ψ : t→ T − {1}
sending 0 to −1 ∈ T . When G = S1, ψ can be taken to be the transformation
ψ : t ∼= iR→ T − {1}
z 7→
z + 1
z − 1
.
When G = SU(2), the map ψ can be taken to be
ψ : t ∼= iR→ T − {1}
z 7→
(
z+1
z−1
z−1
z+1
)
,
and similarly for SO(3).
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The main tool for understanding the stable factors Hom(Zn, G)/S1n(G) is the map already
used in Theorem 6.1
ϕ¯n : G/T ×W T
n → Hom(Zn, G)(1,...,1)
(g¯, t1, ..., tn) 7→ (gt1g
−1, ..., gtng
−1),
where Hom(Zn, G)(1,...,1) denotes the path-connected component of Hom(Z
n, G) containing the
n-tuple (1, ..., 1). Note that trivially Hom(Z1, G)/S11(G) = G and thus from now on n is assume
to be at least 2. As pointed out before, ϕ¯n is a continuous surjective map. Also, if g ∈ G and
t ∈ T , then gtg−1 = 1 if and only if t = 1. This shows that the restriction of ϕ¯n defines a
surjective continuous map
αn = (ϕ¯n)| : G/T ×W (T − {1})
n → (Hom(Zn, G)(1,...,1) − S
1
n(G)(1,...,1)),
where S1n(G)(1,..,1) = S
1
n(G) ∩Hom(Z
n, G)(1,...,1). Since the inclusion map
S1n(G) →֒ Hom(Z
n, G)
is a cofibration, in particular
S1n(G)(1,...,1) →֒ Hom(Z
n, G)(1,...,1)
is also a cofibration, it follows that
Hom(Zn, G)(1,...,1)/S
1
n(G)(1,...,1)
∼= (Hom(Zn, G)(1,...,1) − S
1
n(G)(1,...,1))
+,
where in general for a space X , X+ denotes its one point compactification. On the other hand,
using the W -equivariant homeomorphism ψ, it follows that
G/T ×W (T − {1})
n ∼= G/T ×W t
n.
Note that W acts freely on G/T (this is the induced action of G acting on itself on the
right) and thus the projection map pn : G/T ×W tn → (G/T )/W is a vector bundle over
(G/T )/W = G/N(T ). The map ϕ¯n and its restriction αn are not injective for a general Lie
group. The different possibilities are considered next.
When G = S1, the map αn is a homeomorphism and G/N(T ) = ∗. Since Hom(Zn, S1) is
connected, then Hom(Zn, S1)/S1n(S
1) is homeomorphic to the one point compactification of tn;
that is, in this case the stable factors are given by
Hom(Zn, S1)/S1n(S
1) ∼= Sn.
Of course, this can be seen trivially using the fact that Hom(Zn, S1) = (S1)n as S1 is abelian.
Modulo conjugation the situation is trivial since S1 is abelian, thus
Rep(Zn, S1)/S¯1n(S
1) ∼= Sn.
When G equals SU(2) the map αn is no longer injective. Let
sn : G/N(T )→ G/T ×W t
n
be the zero section of the vector bundle pn. Then in this case
α−1n (−1, ...,−1) = sn(G/N(T ))
and α−1n (g1, ..., gn) is a point for (g1, ..., gn) 6= (−1, ...,−1). On the other hand, the space
Hom(Zn, SU(2)) is connected, G/T ∼= S2 with W acting as the antipodal map and therefore
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G/N(T ) ∼= RP 2. If λn denotes the canonical vector bundle over RP n, then the vector bundle
pn : G/T ×W t
n → (G/T )/W is precisely nλ2, the Whitney sum of n copies of λ2. Therefore
Hom(Zn, SU(2))/S1n(SU(2))
∼=
{
S3 if n = 1,
(RP 2)nλ2/sn(RP
2) if n ≥ 2
where Xµ denotes the associated Thom space for a vector bundle µ over X . This agrees with the
computations given independently in [9] and [13]. Modulo conjugation the situation simplifies.
As pointed out before
Rep(Zn, SU(2))/S¯1n(SU(2))
∼= Sn/Σ2
with the nontrivial element τ ∈ Σ2 acting on a point (x0, ..., xn) ∈ Sr by
τ · (x0, ..., xr) = (x0,−x1, ...,−xr).
Suppose now that G = SO(3), then Hom(Zn, SO(3)) is no longer connected. In this case
G/T ∼= S2 withW acting as the antipodal map and therefore as in the case of SU(2), G/N(T ) ∼=
RP 2 and pn : G/T ×W tn → (G/T )/W is the vector bundle nλ2. In this case, the map αn is a
homeomorphism and therefore
Hom(Zn, SO(3))(1,...,1)/S
1
n(SO(3))(1,...,1)
∼= (RP 2)nλ2 .
On the other hand, by [23]
Hom(Zn, SO(3)) ∼= Hom(Zn, SO(3))(1,...,1) ⊔

⊔
A(n)
S3/Q8

 ,(8)
where
A(n) :=
(2n − 1)(2n−1 − 1)
3
and Q8 denotes the quaternion group. Moreover, if n ≥ 2 and
x := (x1, ..., xn) ∈ Hom(Z
n, SO(3))
belongs to a path-connected component different from Hom(Zn, SO(3))(1,...,1), with xk = 1 for
some k, then yk = 1 for every commuting sequence y := (y1, ..., yn) that belongs to the same
path-connected component of x. This shows that under the identification (8) the subspace
S1n(SO(3)) corresponds to
S1n(SO(3))
∼= S1n(SO(3))(1,...,1) ⊔

⊔
B(n)
S3/Q8

 ,
where B(n) is the number of connected components homeomorphic to S3/Q8 containing an
n-tuple (x1, ..., xn) with at least one xi = 1. It follows then that
Hom(Zn, SO(3))/S1n(SO(3))
∼= Hom(Zn, SO(3))(1,...,1)/S
1
n(SO(3))(1,...,1) ∨

∨
C(n)
(S3/Q8)+

 .
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The numbers C(n) are such that C(1) = 0, C(2) = 1 and satisfy the recurrence relation
n∑
r=1
C(r)
(
n
r
)
=
(2n − 1)(2n−1 − 1)
3
whose solution is
C(n) =
1
2
(3n−1 − 1).
Since SO(3) ∼= RP 3, it follows that there are homeomorphisms
Hom(Zn, SO(3))/S1n(SO(3))
∼=
{
RP 3 if n = 1,
(RP 2)nλ2 ∨
(∨
C(n)(S
3/Q8)+
)
if n ≥ 2.
Modulo conjugation, the group SO(3) acts transitively on each connected component of
Hom(Zn, SO(3)) that is homeomorphic to S3/Q8. Therefore
Rep(Zn, SO(3))/S¯1n(SO(3))
∼= (
∨
C(n)
S0) ∨ Sn/Σ2
with Σ2 acting on S
n as before. This completely describes the factors Hom(Zn, G)/S1n(G) and
Rep(Zn, G)/S¯1n(G) when G is a rank 1 compact, connected Lie group.
Next, the case of almost commuting elements for G of rank one is discussed. If G = S1
or SO(3) the spaces of almost commuting elements and commuting elements agree. Thus
the only case left to consider is G = SU(2) and K = Z(SU(2)) ∼= Z/2. The stable factors
Bn(SU(2),Z/2)/S
1
n(SU(2),Z/2) can be described in a similar way as in the case of commuting
elements. To see this, recall that
Bn(SU(2),Z/2) =
⊔
C∈T (n,Z/2)
ACSU(2)(C).
If C = C1 is the trivial matrix whose entries are all equal to 1, then
ACSU(2)(C) = Hom(Z
n, SU(2))
which is a path-connected space. On the other hand, suppose that C = (cij) is a non trivial
matrix with ACSU(2)(C) not empty. In this case there exist 1 ≤ i < j ≤ n such that c := cij 6= 1.
For each 1 ≤ k ≤ n write cik = cbk and cjk = cak with 0 ≤ ak, bk ≤ 1. In [5] it is proved that
the map
ψ : ACSU(2)(C(c))× (Z/2)
n−2 → ACSU(2)(C)(9)
((xi, xj), (w1, ..., wˆi, ..., wˆj, ..., wn)) 7→ (y1, ..., yn),(10)
is a homeomorphism, where
yk =


xi if k = i,
xj if k = j,
wkx
ak
i x
bk
i if k 6= i, j,
and C(c) is the 2×2 antisymmetric matrix with entries in Z/2 with c12 = c
−1
21 = c. In addition,
if c 6= 1, then ACSU(2)(C(c)) ∼= PU(2). It follows that all the path-connected components of
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Bn(SU(2),Z/2) different from Hom(Z
n, SU(2)) are homeomorphic to PU(2) ∼= SO(3). More-
over, from the results in [5] it is easy to see that there are
D(n) :=
2n−2(2n − 1)(2n−1 − 1)
3
such connected components. Therefore
(11) Bn(SU(2),Z/2) ∼=

⊔
D(n)
PU(2)

 ⊔Hom(Zn, SU(2)).
On the other hand, if x = (x1, ..., xn) ∈ ACSU(2)(C) is an almost commuting sequence in SU(2)
with xk = 1 for some k, then either x is a commuting sequence in which case x ∈ S1n(SU(2))
and C is trivial or C is a not trivial. If C is not trivial, then there are 1 ≤ i < j ≤ n such
that c := ci,j 6= 1. Note that necessarily i, j 6= k. Since xk = 1, then cik = [xi, xk] = 1 and
cjk = [xj , xk] = 1, thus ak = bk = 0. It follows that in this case the k-th coordinate of the
map ψ is given by wkx
ak
i x
bk
i = wk ∈ Z/2. This shows that if y ∈ ACSU(2)(C) is in the same
path-connected component as x, then yk = 1. It follows that S
1
n(SU(2),Z/2) is mapped under
the homeomorphism in (11) onto the subspace
⊔
F (n)
PU(2)

 ⊔ S1n(SU(2)),
where F (n) is the number of path-connected components of Bn(SU(2),Z/2) homeomorphic to
PU(2) that contain an n-tuple (x1, ..., xn) such that xk = 1 for some k. Therefore
Bn(SU(2),Z/2)/S
1
n(SU(2),Z/2)
∼= Hom(Zn, SU(2))/S1n(SU(2)) ∨ (
∨
K(n)
PU(2)+),
where the K(n)’s are integers that satisfy K(1) = 0, K(2) = 1 and
n∑
r=1
K(r)
(
n
r
)
=
2n−2(2n − 1)(2n−1 − 1)
3
.
The solution of this recurrence equation is
K(n) =
7n
24
−
3n
8
+
1
12
.
Since PU(2) ∼= SO(3) ∼= RP 3 then there are homeomorphisms
Bn(SU(2),Z/2)/S
1
n(SU(2),Z/2)
∼=
{
S3 if n = 1,
(
∨
K(n)RP
3
+) ∨ (RP
2)nλ2/sn(RP
2) if n ≥ 2.
On the other hand, the situation modulo conjugation simplifies substantially. In this case,
the action of SU(2) on the connected components of B¯n(SU(2),Z/2) homeomorphic to PU(2)
is transitive. It follows that
B¯n(SU(2),Z/2) ∼= Zn ⊔ Rep(Z
n, SU(2)),
STABLE SPLITTINGS, SPACES OF REPRESENTATIONS AND ALMOST COMMUTING ELEMENTS 33
where Zn is a finite set with D(n) =
2n−2(2n−1)(2n−1−1)
3
points. This together with Theorem 6.1
shows that
B¯n(SU(2),Z/2) ∼= Zn ⊔ (S
1)n/Σ2,
with Σ2 acting diagonally on (S
1)n and by complex conjugation on each S1 factor and
B¯n(SU(2),Z/2)/S¯
1
n(SU(2),Z/2)
∼= (
∨
K(n)
S0) ∨ Sn/Σ2
where as before, if τ ∈ Σ2 − {1} then for a point (x0, ..., xn) ∈ Sn
τ · (x0, ..., xn) = (x0,−x1, ...,−xn).
8. Stable factors modulo conjugation
In this section an explicit description for the stable factors B¯r(G,K)/S¯
1
r (G,K) is provided
for r = 1, 2 and 3 and when G is a compact, simple, connected and simply connected Lie group.
This is achieved using the work in [11].
Take G a compact, connected, simple and simply connected Lie group. Fix T ⊂ G a maximal
torus, let Φ = Φ(T,G) be the root system associated to T , W the Weyl group and fix ∆ a set
of simple roots for Φ. For each I ⊂ ∆ there is an associated torus SI in G whose lie algebra is
tI :=
⋂
a∈I
Ker(a) ⊂ t.
For each such I, let LI = DZ(SI) be the derived group of the centralizer of the torus SI in
G. Also let FI = SI ∩ LI , this is a finite subgroup of the center of LI . In [11] the spaces
MG(C) = ACG(C)/G are described in the following way. Given x ∈ MG(C), any maximal
torus in ZG(x) is conjugated to a unique torus of the form SI . The subset I = I(x) only depends
on x and it is a locally constant function of x. Given I ⊂ ∆, let MIG(C) be the subspace of
conjugacy classes of almost commuting n-tuples in G of type C whose centralizer has a maximal
torus conjugate to SI . Therefore, eachMIG(C) ⊂MG(C) is a union of connected components.
Moreover, by [11, Theorem 2.3.1] there is a homeomorphism
(12) (SnI ×FnI M
0
LI
(C))/W (SI , G) ∼=M
I
G(C)
where M0LI (C) is the moduli space of almost commuting n-tuples (x1, ..., xn) in G of type C
for which ZG(x1, ..., xn) has rank 0 and W (SI , G) is the Weyl group of the torus SI ; that is,
W (SI , G) = NG(SI)/ZG(SI). It follows that for K ⊂ Z(G) a closed subgroup each B¯n(G,K) is
a union of spaces of the form (12). Moreover, in [11] explicit description for these spaces that
only depend on the geometry of G are given for the cases n = 1, 2 and 3. These descriptions
can be used to determine the stable factors B¯r(G,K)/S¯
1
r (G,K). To do this note that under
the assumptions Z(G) is finite and thus π0(K) = K for all K ⊂ Z(G). Given K ⊂ Z(G) a
subgroup, by (1) there is a decomposition
Br(G,K) =
⊔
C∈T (r,K)
ACG(C).
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Each ACG(C) is invariant under the action of G, thus on the level of orbit spaces
B¯r(G,K) =
⊔
C∈T (r,K)
MG(C),
where MG(C) = ACG(C)/G is as defined before. Suppose that (x1, ..., xr) ∈ ACG(C) for some
C ∈ T (r,K). If xi = 1G for some 1 ≤ i ≤ r, then cij = c
−1
ji = 1G for all 1 ≤ j ≤ r; that is, the
elements in the i-th column and i-th row of C are all 1G. For 0 ≤ i ≤ r define Ti(r,K) to be
the subset of T (r,K) consisting of matrices C that have exactly i rows (and hence i columns)
whose entries are all 1G. Note that if C is an r× r antisymmetric matrix with (r− 1) columns
only having 1G’s, then all the entries of C are 1G and thus Tr−1(r,K) is empty. By definition
T (r,K) =
⊔
0≤i≤r
Ti(r,K)
and thus
Br(G,K) =
⊔
0≤i≤r
⊔
C∈Ti(r,K)
ACG(C).
In general, if X = ⊔α∈ΛXα and A ⊂ X then X/A =
∨
α∈ΛXα/(A ∩ Xα), where the usual
convention X/∅ = X+ is used. In particular, with the notation
S1r (G,C) := S
1
r (G,K) ∩ ACG(C)
there is an identification
Br(G,K)/S
1
r (G,K) =
∨
0≤i≤r
∨
C∈Ti(r,K)
ACG(C)/S
1
r (G,C).
When i = r there is only one element in Tr(r, π0(K)) which is the matrix whose entries are all
1G that is denoted by C1G . In this case ACG(C1G) = Hom(Z
n, G) and S1r (G,C1G) = S
1
r (G),
therefore
Br(G,K)/S
1
r (G,K) = Xr(G,K)
∨
Hom(Zr, G)/S1r (G)
where
Xr(G,K) =
∨
0≤i≤r−2
∨
C∈Ti(r,K)
ACG(C)/S
1
r (G,C)
From here it follows that all the stable factors in the decomposition of Hom(Zn, G) appear in
the stable decomposition Bn(G,K) for all closed subgroups K ⊂ Z(G). On the level of orbit
spaces
(13) B¯r(G,K)/S¯
1
r (G,K) = X¯r(G,K)
∨
Rep(Zr, G)/S¯1r (G),
with
X¯r(G,K) =
∨
0≤i≤r−2
∨
C∈Ti(r,K)
MG(C)/S¯
1
r (G,C).
The cases r = 1, 2 and 3 are considered next.
• Case r=1. If r = 1, then B1(G,K) = G and S11(G,K) = {1G}, thus
B1(G,K)/S
1
1(G,K) = G,
B¯1(G,K)/S¯
1
1(G,K) = G/G
ad = T/W.
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• Case r=2. If r = 2 then by (13)
B¯2(G,K)/S¯
1
2(G,K) = X¯2(G,K)
∨
Rep(Z2, G)/S¯12(G),
where
X¯2(G,K) =
∨
C∈T0(K)
MG(C)/S¯
1
r (G,C).
Any matrix C ∈ T (K) is of the form C = C(c), where C(c) denotes the 2 × 2 antisymmetric
matrix with c1,2 = c
−1
2,1 = c ∈ K. In particular any C ∈ T0(K) is of the form C(c) for
c ∈ K − {1G} and for such a matrix S12(G,C) = ∅. Therefore
X¯2(G,K) =
∨
c∈K−{1G}
MG(C)/S¯
1
r (G,C) =
∨
c∈K−{1G}
(MG(C))+.
Each MG(C) can be described in terms of the geometry of G as follows. Consider Φ∨ the
inverse root system and ∆∨ the set of coroots a∨ inverse to roots a ∈ ∆. Each c ∈ K ⊂ Z(G)
can be written in the form c = exp(
∑
a∈∆ raa
∨), where each ra ∈ Q. Given such c, following [11]
define Ic = {a ∈ ∆/ra /∈ Z} ⊂ ∆. By [11, Proposition 4.2.1] given (x, y) ∈ G2 with [x, y] = c,
then any maximal torus in ZG(x, y) is conjugate to SIc . In addition, by [11, Corollary 4.2.2]
MG(C(c)) ∼= (S¯Ic × S¯Ic)/W (SIc, G).
On the other hand, in [10] Borel proved that for any pair x and y of commuting elements in
a simply connected compact Lie group, there is a maximal torus that contains both x and y.
Since all maximal tori are conjugate it follows that Rep(Z2, G) = (T × T )/W and
Rep(Z2, G)/S¯12(G) = (T ∧ T )/W.
Therefore
B¯2(G,K)/S¯
1
2(G,K) =

 ∨
c∈K−{1G}
((S¯Ic × S¯Ic)/W (SIc, G))+

 ∨ (T ∧ T )/W
• Case r=3. The case r = 3 is similar. By (13)
B¯3(G,K)/S¯
1
3(G,K) = X¯3(G,K)
∨
Rep(Z3, G)/S¯13(G)
with
X¯3(G,K) =

 ∨
C∈T0(3,K)
MG(C)+

 ∨

 ∨
C∈T1(3,K)
MG(C)/S¯
1
3(G,C)


Using the work in [11] an explicit description for the terms in X¯3(G,K) can be given. It can
be shown that
B¯3(G,K)/S¯
1
3(G,K) = Y3,0 ∨ Y3,1 ∨ Y3,2 ∨ (T ∧ T ∧ T )/W
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where
Y3,0 =
∨
I0
(S¯3I0/W (SI0, G))+,
Y3,1 =
∨
I1
((S2I1 × (SI1/KI1))/W (SI1, G))+,
Y3,2 =
∨
I2
(S¯2I2 × SI2)/(S¯
2
I2 × {1G})/W (SI2, G).
where I0, I1 and I2 run through certain subsets of ∆ that are determined uniquely by the
geometry of G and KI1 is a group acting on SI of order at most 2. (In [11, Theorem 9.5.1] the
different possibilities for KI1 are discussed depending on the type of G).
In general, by [11, Theorem 2.3.1] the space B¯n(G,Z(G)) can be written as a disjoint union
of spaces of the form
(14) (SnI ×FnI M
0
LI
(C))/W (SI , G).
It follows that for n ≥ 1 the stable factor B¯n(G,K)/S¯
1
n(G,K) can be written as the wedge of
certain quotients of spaces of the form (14).
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